ABSTRACT. We study Gauss maps of order k, associated to a projective variety X embedded in projective space via a line bundle L. We show that if X is a smooth, complete complex variety and L is a k-jet spanned line bundle on X, with k 1, then the Gauss map of order k has finite fibers, unless X = P n is embedded by the Veronese embedding of order k. In the case where X is a toric variety, we give a combinatorial description of the Gauss maps of order k, its image and the generic fibers.
INTRODUCTION
Let X ⊂ P N be an n-dimensional irreducible, nondegenerate projective variety defined over an algebraically closed field k of characteristic 0. The (classical) Gauss map is the rational morphism γ : X Gr(n, N) assigning to a smooth point x the projective tangent space of X at x, γ(x) = T X,x ∼ = P n . It is known that the general fiber of γ is a linear subspace of P N , and that the morphism is finite if X is smooth, [Zak93, KP91, GH79] .
In [Zak93] , Zak defines a generalization of the above definition as follows. For n m N − 1, let Gr(m, N) be the Grassmanian variety of m-dimensional linear subspaces in P N , and define P m = {(x, α) ∈ X sm × Gr(m, N)|T X,x ⊆ L α }, where L α is the linear subspace corresponding to α ∈ Gr(m, N) and the bar denotes the Zariski closure in X × Gr(m, N). The m-th Gauss map is the projection γ m : P m → Gr(m, N). When m = n we recover the classical Gauss map, γ n = γ. These generalized Gauss maps still enjoy the property that a general fiber is a linear subspace, [Zak93, 2.3 (c) ]. Moreover a general fiber is always finite if X is smooth and n m N − n + 1, [Zak93, 2.3 (b) ].
In this paper we propose a different generalization of the Gauss map where, instead of considering higher dimensional linear spaces tangent at a point, we use linear spaces tangent to higher order, namely the osculating spaces. The osculating space of order k of X at a smooth point x ∈ X sm , Osc k x , is a linear subspace of P N of dimension t, where n t n+k n , see Definition 2.4. We can then define a rational map γ k : X Gr(d k − 1, N) assigning to a point x the k-th osculating space of X at x, γ k (x) = Osc k x , where d k is the general k-th osculating dimension, see Definition 3.1. Notice that when k = 1, we recover the classical Gauss map, γ 1 = γ n = γ. We call γ k the Gauss map of order k.
For the classical Gauss map γ the linearity of a general fiber is a consequence of the reflexivity property of the projective dual variety of X. Higher order tangency has also been used to generalize the notion of duality and define the higher order dual varieties, X k , see [P93, Ch 2] . Unfortunately X k does not always enjoy reflexivity properties, even if X is nonsingular, as pointed out in [P93, Prop. 1]. It is therefore reasonable not to expect linearity of the general fiber of γ k . We concentrate instead on establishing a generalization of the finiteness of the Gauss maps of order k when the variety is nonsingular (a property that, as remarked above, does not always hold for Zak's Gauss maps). First we generalize the classical picture by requiring the Gauss maps to be regular when the variety X is nonsingular and thus we consider k-jet spanned embeddings, see Definition 2.5, for which
at all points. The use of certain techniques from projective geometry imposes the assumption of k = C. We sternly think though that the results in this paper should be extendable to any field of characteristic zero. Theorem 3.6 shows: Theorem 1.1. Let i : X → P N be a k-jet spanned embedding of a nonsingular complex variety. Then the Gauss maps γ s are finite for all s k, unless X = P n is embedded by the Veronese embedding of order k.
As in the classical case, finiteness cannot be expected if the nonsingular assumption is dropped, see Example 3.7 and Example 4.5.
Section 4 is dedicated to giving a combinatorial description of the maps γ k and the images γ k (X), called the k-th osculating variety, in the case when X is a toric variety. In [FI14, Theorem 1.1] it is shown that if X A is a toric variety (not necessarily smooth) given by a finite lattice set A, then the tangential variety γ(X) is projectively equivalent to a toric variety X B where B is obtained by taking appropriate sums of elements in A. Theorem 4.3 is a direct generalization of this result and the ideas in the proof. It shows the following: Theorem 1.2. If X A is a toric variety given by a set of lattice points A and the embedding is generically k-jet spanned, then there exists a finite set of lattice points B k and lattice projection π such that γ k (X) is projectively equivalent to X B k and the closure of the irreducible components of the fiber of γ k are projectively equivalent to X π(A) .
Theorem 4.3 also makes it possible to compute the image and general fiber of the Gauss map of order k in the toric setting. This is implemented in the Package LatticePolytopes, [LP] for Macaulay2, [M2] , which is freely available at http://www.math.kth.se/~alundman.
Conventions.
We work over the field of complex numbers C. Throughout the paper, X denotes a smooth, complete complex algebraic variety of dimension n. We use additive notation for the group operation in Pic(X).
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DEFINITIONS AND BACKGROUND
2.1. Restrictions imposed by ample divisors. In this section we collect the necessary background on the invariants of ample Cartier divisors used in the proof of the main result.
Let L be an ample line bundle on X. The nef-value of L is defined as
Kawamata's Rationality Theorem shows that τ(L) is in fact a rational number. Let X → P M be the morphism defined by the global sections of an appropriate multiple of K X + τL and let ψ • φ τ be its Remmert-Stein factorization. The map φ τ : X → Y has connected fibers and it is called the nef-value morphism. See [BS95, 1.5] for more details.
An easy way to compute τ(L) is provided by the following lemma.
Lemma 2.1. [BS95, 1.5.5] Let L be an ample line bundle on X and τ ∈ R. Then τ = τ(L) if and only if K X + τL is nef but not ample.
The nef-value morphism always contracts curves on the variety X (since the defining line bundle is not ample). To state this more precisely, let NE(X) be the closure of the cone generated by the effective 1-cycles on X.
Lemma 2.2. [BS95, 4.2.13 (1)] Let L be an ample line bundle on X. Then the nef-value morphism φ τ is the contraction of an extremal face F H of NE(X), where H = K X + τL and F H = H ⊥ ∩ (NE(X) \ {0}).
Finally we recall a useful classification of Fano varieties, based on the length of extremal rays, that is the key observation for our classification. Let R ∈ NE(X) be an extremal ray, its length is defined as l(R) = min{−K X ·C |C is a rational curve and [C] ∈ R}. The cone theorem implies that 0 < l(R) n + 1. 
, where ∆ ⊂ X × X is the diagonal and p i are the projection maps p i : X × X → X, is locally free of rank n+k n , and is called the k-jet bundle of L. The fiber at a point x ∈ X can be identified with
, where m x is the maximal ideal at x. The quotient map
x ) evaluating a global section and its derivatives of order at most k at the point x :
, . . .) 1 t k ) for a coordinate system x = (x 1 , . . . , x n ), extends to a vector bundle map:
We denote by U k ⊂ X the open locus where the vector bundle map j k obtains its maximal rank d k n+k k . Moreover if s 0 , . . . , s m is a basis for V then the rank of the map j k at a point x ∈ X equals the rank of the matrix of k-jets which is defined as The line bundles for which the k-th osculating dimension is maximal define embeddings with high geometrical constraints. These are the embeddings that we will consider in the remaining of the article. is the k-th osculating dimension then the map is said to be k-jet spanned.
Remark 2.6. Observe that 0-jet spanned is equivalent to being globally generated. Moreover, if a line bundle L is k-jet spanned then it is s-jet spanned for all s k.
Example 2.7. As a first example, we see that
Indeed, a basis of global sections of O P n (k) is given by all the degree k monomials in x 0 , . . . , x n . Thus, the maximal rank of j k,x , at any
In the next example we distinguish between k-jet spanned and generically k-jet spanned.
Example 2.8. Let p : X → P 2 be the blow up of P 2 at three non-collinear points p 1 , p 2 and p 3 and
where the E i are the exceptional divisors. Let l i j be the lines in P 2 connecting p i and p j for 1 i < j 3, and denote byl i j the proper transform. If x ∈ X is a point that is not in any exceptional divisor nor in anyl i j , then the rank of j 2,x is 6; if x lies on the intersection of an exceptional divisor andl i j , then the rank of j 2,x is 4; and for any other x ∈ X the rank of j 2,x is 5 [LM01, Theorem 2.1]. Thus for x not in any exceptional divisor nor in anyl i j , L is 2-jet spanned at x, and hence the embedding defined by L is generically 2-jet spanned. However, if x ∈ E i or x ∈l i j , then L is not 2-jet spanned at x, and thus the embedding defined by L is not 2-jet spanned.
The generation of k-jets imposes strong conditions on intersections with irreducible curves on X.
Lemma 2.9. Let L be a k-jet spanned line bundle on X and let C ⊂ X be an irreducible curve. Then
Proof. Since L is k-jet spanned, its restriction to C, L| C , is a k-jet spanned line bundle on C. Assume now that L · C k so that for any x ∈ C it holds that
. But the only smooth curve, C, having a line bundle, H, with trivial jet bundle is (C,
2.3. Toric Geometry. In this section we provide a short background on relevant parts of toric geometry. References are [Ful93] and [CLS11] .
Let M be a lattice of rank n, then the maximum spectrum of the group ring
n . It is a standard fact that the image, Im(φ A ), is an algebraic torus T A−A , where A − A = {u − u ∈ M | u, u ∈ A}. The closure of the image is a toric variety, X A = Im(φ A ), which has T A−A as an open dense subset. In particular if A is the set of lattice points of a convex lattice polytope, then X A is a normal projective variety and the map (2.9.1) is the closed embedding given by the global sections of a very ample line bundle L on X A restricted to T A−A . Conversely given a normal toric variety X and a line bundle L on X there is a canonical way to associate a convex lattice polytope P L ⊂ M R = M ⊗ R R to the pair (X, L), so that the following theorem holds: By Theorem 2.10 the space of global sections of a line bundle on a normal toric variety has a monomial basis. As a consequence the matrix of k-jets, [J k,x ] has a particularly simple form which makes the toric setting appealing from a computational perspective. In particular, it can be shown that a line bundle L is k-jet spanned at the general point of a toric variety X if and only if L is k-jet spanned at the image of the point (1, . . . , 1) under the map (2.9.1), see [P00, p. 3].
HIGHER ORDER GAUSS MAPS
Let dim(H 0 (X, L)) = dim(V ) = M + 1 and let Gr(t, M) denote the Grassmanian variety of linear spaces P t ⊂ P(V ). Assume that L is very ample and thus X ⊂ P(V ), which in particular implies that the general k-th osculating dimension is d k n + 1, for k 1.
Definition 3.1. The Gauss map of order k is the (rational) map:
assigning to x ∈ U k ⊆ X the k-th osculating space
We call the image variety, γ k (X), the osculating variety of order k.
Remark 3.2. If k = 1 then Osc 1,x = T X,x ∼ = P n . It follows that γ 1 = γ is the classical Gauss map.
Example 3.3. On X = P n , L = O P n (k) can be considered an extreme case. The line bundle is k-jet spanned and thus d k = n+k k is the osculating dimension at every point. The line bundle defines the k-th Veronese embedding P n → P ( n+k k )−1 = P(V ) and the osculating space at every x is the whole P(V ). The Gauss map of order k is a regular map contracting the whole P n to a point.
) is an ample line bundle then the generic fiber of γ k is finite.
Proof. Consider the composition of the Gauss map of order k with the Plücker embedding, pl:
for a generic point x ∈ U k ⊆ X the composition pl • γ k is the map defined by the global sections of the line bundle ∧ (
In order to generalize the classical result on the finiteness of the fibers of the Gauss map, we will now assume that the very ample line bundle L is k-jet spanned. Then the Gauss map of order k is a regular map γ k : X → Gr(
In particular, det(J k (L)) will be ample, nef or globally generated if and only if kK X + (n + 1)L is ample, nef or globally generated, respectively. Finally, we will need the following general fact about globally generated vector bundles with trivial determinant.
Lemma 3.5. Let E be a globally generated rank r vector bundle on X such that det E = O X , then E ∼ = O ⊕r X . Proof. We will prove this by induction on the rank of E , with the case of r = 1 being clear. Suppose it holds true for rank r − 1. If E is globally generated of rank r, then there is a surjection O ⊕r X → E . Since the dual E * of E is isomorphic to ∧ r−1 E , we see that E * is also globally generated. In particular, a section of E * gives a map E → O X . This then gives a non-zero map O ⊕r X → O X which is surjective and admits a splitting. Thus E ∼ = E ⊕ O X , for some vector bundle E of rank r − 1. Moreover, E is globally generated with trivial determinant, hence by the induction hypothesis,
, and E ∼ = O ⊕r X . Theorem 3.6. Let L be a k-jet spanned line bundle on X, with k 1. Then, the Gauss map of order k, γ k : X → Gr( n+k k − 1, N), has finite fibers unless (X, L) = (P n , O P n (k)).
Proof. By Lemma 3.4 it suffices to prove that det(J
In view of formula (3.4.2) it is in turn sufficient to show that the line bundle kK X + (n + 1)L is ample unless (X, L) = (P n , O P n (k)). Assume that this does not hold. Observe that the vector bundle map j k : V ⊗ O X → J k (L) is onto and thus J k (L) is generated by the global sections of L, implying that det(J k (L)) is also globally generated and thus nef. Again formula (3.4.2) gives that the line bundle kK X + (n + 1)L is also nef. By Lemma 2.1 we can conclude that the nef-value of L is τ(L) = n+1 k . Let R be an extremal rational curve in the face contracted by the nef-value morphism, as in Lemma 2.2. Then (kK X + (n + 1)L) · R = 0 and −R · K X n + 1. But because L · R k, by Lemma 2.9(a), we must have K X · R = −n − 1 and L · R = k. Proposition 2.3 implies then that X is a Fano variety, i.e. −K X is ample, and Pic(X) = Z. Thus kK X + (n + 1)L ∼ = O X , and so det(J k (L)) is also trivial. Since J k (L) is a globally generated vector bundle with trivial determinant, we can apply Lemma 3.5 and conclude that
an abelian variety and L is trivial. The second case cannot occur in our situation because L is ample. Thus we conclude that (X, L) = (P n , O P n (k)).
The following example shows that, as in the classical case, finiteness cannot be expected if we drop the smoothness assumption.
Example 3.7. Consider the toric variety X together with a very ample line bundle L given as the closure in P 5 of the following torus embedding:
It is readily checked that (X, L) is generically 2-jet spanned by computing the rank of the matrix of 2-jets at a general point. However, dim(H 0 (X, L)) = 6 so the Gauss map of order 2 is a map from X to the one point space Gr(5, 5). Thus γ 2 must be the contraction of X to a point, and have X as its fiber, in particular γ 2 is not finite. In Section 4 we will give a further family of examples: for every pair of integers n ≥ 2 and N ≥ 2, we will construct a singular toric variety of dimension n in P ( n+2 2 )+N−2 which is generically 2-jet spanned, but which has a Gauss map of order 2 with positive dimensional fibers. See Example 4.5.
TORIC GAUSS MAPS
In [FI14] Furukawa and Ito gave combinatorial descriptions of the image and fiber of the classical Gauss map in the toric setting. In this section we will use the techniques introduced in [FI14] to extend their results to Gauss maps of higher order. Let M be a lattice and let A = {u 0 , . . . , u N } ⊂ M. Then as explained in section 2.3, A determines a map φ A : T M → P N and a toric variety X A = Im(φ A ). We make the following definitions. ,(1,...,1) ] the matrix of k-jets of the torus embedding given by φ {u i 1 ,...,u i q } evaluated at the point (1, . . . , 1) . We define the following subset of the lattice M:
Observe that the assumption det[J {u i 1 ,...,u i q } k,(1,...,1) ] = 0 is equivalent to saying that the set of lattice points {u i 1 , . . . , u i q } is generically k-jet spanned. The set B 1 defined above is denoted by B in [FI14] . Going through the proof of [FI14, Theorem 1.1] and replacing B with B k yields the following result.
be the natural projection and assume that (X A , L A ) is generically k-jet spanned. The following holds:
(iii) Let F be an irreducible component of a (general) fiber of γ k | T M with the reduced structure.
Then F is a translation of T M by an element of T M . Moreover the closure F is projectively equivalent to X π(A) . In particular the dimension of the general fiber is
Recall that two varieties X 1 ⊆ P N 1 and X 2 ⊆ P N 2 are said to be projectively equivalent if there exist embeddings j i :
Proof. Following the proof of Theorem 1.1 in [FI14] one shows there is a commutative diagram of the following form
where pl is the Plücker embedding and j is a linear embedding. By the above diagram
This proves part (i).
Restricting the morphism X A γ k (X A ) to T M corresponds to considering the composition
is the dense open torus in X B k part (ii) follows from the commutativity of the above diagram.
The proof of part (iii) relies on a series of well know facts for algebraic tori (see [FI14] ). Namely since B k − B k ∩ M is a sublattice of M one has the following short exact sequence of lattices
The above sequence induces the following short exact sequence on algebraic tori
is also a fiber of g, i.e. F is a translation of g −1 (1 T B k −B k R ∩M ) by an element of T M . It now follows from [FI14, Lemma 2.1] that the closure F is projectively equivalent to X π(A) proving part (iii).
We now reprove Theorem 3.6 in the toric setting using a combinatorial approach based on Theorem 4.3.
Proposition 4.4. Let X be a normal toric variety that is smooth and projective and let L be a k-jet spanned line bundle on X. Then the generic fiber of the Gauss map of order k, γ k , has finite fibers unless (X, L) = (P n , O(k)).
Proof. The pair (X, L) corresponds to a convex lattice polytope P ⊂ M R . Combinatorially the assumption that X is smooth means that the primitive vectors through every vertex of X form a basis for the underlying lattice M. Thus we may assume that P is contained in the first orthant and that it has a vertex at the origin, and an edge along each coordinate axis. Moreover, as shown in [DiR99] , the assumption that L is k-jet spanned corresponds to the fact that every edge of P contains at least k + 1 lattice points. It follows that P contains the simplex k∆ n = Conv(0, kê 1 , . . . , kê n ), whereê i is the unit vector along the x i -axis. There are now two possibilities. The first possibility is that P = k∆ n , in which case (X, L) = (P n , O(k)).
If instead P k∆ n we consider for every i ∈ {1, . . . , n} the vertex v i which lies along the x i -axis and is not the origin. By convexity and because the edges through v i form a basis for M, there is, for every j = i, an edge through v i that passes through a point of the form aê i +ê j for some a ∈ Z. Because every edge of P contains at least k + 1 lattice points, it then follows by convexity that k − 1 ≤ a since P is contained in the first orthant. Note that the if a = k − 1 then convexity implies that v i = kê i and that the edge through (k − 1)ê i +ê j has its vertices at v i = kê i and kê j . Thus for every i there must be a lattice point in P of the form kê i +ê j for some j, since the only other possibility is that v i = kê i and that the edges through v in the x i x j -plane end in the point kê j for all j = i. However, with these assumptions, convexity implies that P = k∆ n which is a contradiction. Thus for all i there must exist some j such that kê i +ê j ∈ P. Note that S = k∆ n ∩ M is k-jet spanned, thus S i = (k∆ n ∩ M) \ ((k − 1)ê i +ê j ) ∪ (kê i +ê j ) is k-jet spanned since (k − 1)ê i +ê j is the only lattice point in k∆ n which gives a monomial x m such that
(1, . . . , 1) is non-zero and Observe that if L is a generically 2-jet spanned line bundle on a n-dimensional toric variety X, then dim(H 0 (X, L)) ≥ n+2 2 . Below we give an example of a generically 2-jet spanned pair (X, L), with X singular, such that the Gauss map of order 2 has infinite fibers, dim(X) = n and dim(H 0 (X, L)) = n+2 2 + N − 2 for all n, N ≥ 2. These examples were found using the package [LP] for Macaulay2 which uses Theorem 4.3 to compute the image and fiber of the Gauss map of order k in the toric setting.
Example 4.5. For every pair of integers n ≥ 2 and N ≥ 2 we define the convex lattice polytope
. . ,ê n is a basis for M. We claim that the Gauss map of order 2 for the projective and normal variety X P N n ∩M and generically 2-jet spanned line bundle L associated to P N n has positive dimensional fibers. For every n let S n be the set of lattice points corresponding to monomials of degree at most 2 in the variables x 1 , . . . , x n , but without the lattice point 2ê 2 . Moreover for every N ≥ 2 let L N be the set of lattice points of the formê 1 + mê 2 for 0 ≤ m ≤ N. Then by considering the fibers under the projection onto the x 1 x 2 -plane one readily checks that the lattice points of P N n decompose as P N n ∩ M = S n ∪ L N . By the above we have that P 2 n ∩ M ⊆ P N n ∩ M for all n ≥ 2 and N ≥ 2. By direct computation one checks that P 2 n is generically 2-jet spanned. Thus P N n is generically 2-jet spanned for all N ≥ 2. Now for any P N n consider the column-span C of the columns in the matrix of 2-jets corresponding to all lattice points in L N . Using linear algebra techniques one readily checks that dim(C) = 3. Thus every generically 2-jet spanned subset A of P N n ∩ M such that |A| = n+2 2 can contain at most 3 lattice points in L N . However, as there are exactly n+2 that every such subset A of P N n ∩ M = S n ∪ L N is determined by the choice of three lattice points in L N . Now, by definition, every element of B k is the sum of the elements of a generically 2-jet spanned subset A ⊆ P N n ∩ M such that |A| = n+2 2 . As the only difference between two such subsets lies in the choice of 3 lattice points in L N , the only difference between two elements in B k is their x 2 -coordinate. Thus B k − B k R has dimension 0 if |P N n ∩ M| = n+2 2 and dimension 1 otherwise. As a consequence the fibers of the Gauss map of order 2 for the projective, normal and singular toric n-fold X P N n ∩M have dimension n if |P N n ∩ M| = 
